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ABSTRACT
We have developed a GPS solar watch for women, Cal.3X. Cal.3X has been downsized by developing a
secondary battery and a planar antenna. In the development of the planar antenna, we tried to achieve both downsizing
and reception performance of the antenna. Also, the usability of the GPS solar watch has been simplified to realize a
simple design. As a result, we have realized a GPS solar watch that is easy for women to use.
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(a) Typical configuration of planer inverted F antenna. (b) 3X configuration of planar inverted F antenna.

Fig. 8 Concept of inverted F antenna.

Short circuit

Fig. 9 Current analysis of planar inverted F antenna.
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Fig. 15 Evaluation of the watch mounted on the phantom.
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TECHNICAL LECTURE

Isochronism (2): As a Keyword of Japanese Mechanical Horology

Shoichiro KOMAKI

Former General Manager of R&D Department, Seiko Instruments Inc., Japan
PREFACE

This paper is an English version of the 2nd technical lecture(revised) that has been serialized four times'

since 2000 in the Journal of the Horological Institute of Japan.
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ABSTRACT

Among the adjustment of the balance-spring system of mechanical watches, the balancing of balance wheel is
easy to understand and well done in the world. But as far as the adjustment of hairspring, it is difficult to understand it’s
theory, except only the centering of hairspring position is done as the general custom.

Suppose if the inner end starts from the just center of balance pivot, if the outer end reaches at infinite far distant
point, and also if the material of hairspring has no problem as the elasticity quality, then the hairspring has the complete
isochronism. The restoring force of hair spring is completely proportional to the rotation angle of the balance wheel.

But if the hairspring starts at the collet inside and goes to the limited distant placed outside end as usual, then
these two ends arise the not-proportional force to the angle of vibration. For these situations, the mathematical equation
of vibration must have the precise correspondence to any case they will be. Here the several mathematical steps are
proposed so as to have a precise solution for any case. This is the main purpose of this lecture. In last paragraph is shown

the result of the case of free outer end of hairspring.
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1. Theory of isochronism™°*
1.1 Isochronous errors
The basic equation of the factors which affects the vibration period of the balance-spring system is shown in Eq.

(1) of last lecture.

dze de
F‘FFE‘FKQiR:O. (@Y

I
Here,
I ; moment of inertia of the balance wheel (kgm?),
F ; viscous damping coefficient (Nms),
K ; spring constant of hairspring (Nm/rad),
R ; solid friction resistance of balance pivot (Nm).

The actual vibration also follows this equation, but in fact it is not clear in order to discuss it for the accuracy
required for the watch precise level only with the expression of Eq. (1). For example, the restoring force of hairspring
does not change as with the precise constant of K, and changes along with the two ending types.

This means K changes with the rotation angle of the balance wheel, with changing because of the type of both
endings. When to discuss this, we can recognize them as such errors as the result of external forces and make it possible
to discuss generally what kinds of effect these external forces perform. And let’s make a formula that can generally
express such external forces on the vibrating equation. Here it is necessary to change the form of equation (1).

When changing Eq. (1), first consider the case of F=R = 0.

The equation above becomes as follows:

2

150 ke =0 )
de? -

and the vibration period T, for this case is represented by Eq. (3)

T, = 21 \/; ®3)

This Eq. (3) means that the vibration period is constant even if the amplitude-changes any, then the isochronism
is maintained. When a disturbance torque is added to this, consider how the vibration period of the balance-spring system
will be. If the disturbance torque expressed as f{#) arises, the equation of vibration at this time can be expressed as Eq.
(4) from Eq. (2). The physical meaning of Eq. (4) is the force added to the vibration system. Then when the outer force
comes here, such as the f{6)is set to the right side of this equation.

2

2o
I3+ K0 =£(0). (4)



The solution form must be almost equal to the solution of Eq. (2) then it is expressed as Eq. (5).

6 = A sin jg(1+6)t . (5)

And if the disturbance is sufficiently small and the period shift is also small, let us call the vibration period as 7, then

_ 1 _ 2 |1 6
T1+6 ° 146K ®)

Eq. (7) can be calculated from Eq. (3) and Eq. (6).
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Since 0 is the ratio of the period deviation from the vibration system of @) = 0 case, this must be called as the
isochronous error. This expression is followed as the Japanese custom of The Institute of Horology of Japan. Multiplying

this J by 86,400 gives a rate of a day. Next, let's find the relation of this J to other items. Substitute Eq. (5) for Eq. (4).
[-K(1 +8)*+K]6 = f(6)
is obtained. Since 62 is extremely small, it can be ignored, then this equation can be transformed into Eq. (8).

_f©

§5-6= K ®

On the other hand, Eq. (9) can be obtained from Eq. (5).

T T K 1 K 1
f@zdt=A3f sin?{ |—(1+ &)t dt=A3f —[1—=cos{2 [—= (1 +8)tp|dt == A3T 9
o 0 I o 2 I 2

‘When both sides of Eq. (8) are multiplied by § and integrated, it becomes
1 1 0T
0" EA(ZJT = _Efo Gf (H)dt
So, Eq. (10) is shown as:

1

T
5= _A?Wfo 0£(0) dt. (10)

If the disturbance is expressed by f{6), it is possible to know the effect on isochronism by calculation of Eq.(10).
This is the common expression as hoped for any type of endings or problems inside of hairspring. Here, the disturbance
does not necessarily have to be the torque from the outside as mentioned above. For example, if the hairspring is fixed
at collet inside and limited outer place, the forces that is not proportional to the rotation angle appears from these fixation
portions, they are, non-linear parts. If these disturbances can be treated in the form as f(6), the effect to the period of

vibration is analyzed as the solution of general Eq. (10) for any case.



In the following chapters, we will clarify what kind of function this f{6) is for each factor.

1.2 Introduction of the theory of the hairspring
If 1) the hairspring is a perfectly elastic material,
2) the shape is a complete theoretical Archimedes curve, and
3) the inner end starts from the center of rotation and the outer end is also infinity aside,
then a restoring force completely proportional to rotation angle is generated in the hairspring, Then the complete
isochronism is obtained'. In reality, the hairspring is fixed with a certain radius point as collet at the inner end, and the
outer end is also fixed at a finite point sometimes with a special curve.

Therefore, a torque component that is not proportional to the rotating angle of balance wheel is generated from
these ends. In addition, when in the vertical position, the unbalance weight of hairspring causes a rotating torque, as the
positional error. This is the basic problem with hairspring.

It has not been confirmed whether the constant elastic material widely used for the hairspring which has elasticity
with the high precision level required for watches or not and is an elastic body that complies with Hook's law. This is

still interesting problem in the case of assemblies and services.

-y ﬂ\ y
x(s),y(s) (x + Ax,y + Ay)
\ As
j' Y = (x(s),¥(s))
of ., x

’I

OO v,
—" 0 Ax = As - cosy

Ay = As-si
Fig. 1 Complex coordinate display of points on the Y s siny

Fig.2 Complex coordinate display (part 2).
hairspring.

And then, how to handle isochronous error with the hairspring has been analyzed by J. Haag”, S. Gouldsmit and
M. Wang®. T will describe their thinking way.

Consider the orthogonal coordinates where the center of rotation of balance is the origin point, where the distance
from the inner end point to the arbitrary point of the hairspring is called as s, the coordinates of that point can be
represented by x(s), ¥(s). Since the arbitrary curve is a continuation of minute portion line segments shown in Fig. 2,

x(s) and y(s) can be expressed by Eq. (11) and Eq. (12), respectively.



x(s) = x(0) + fscos P(s) ds, (11)
0

¥(s) = y(0) + f sin(s) ds. (12)
0

Here, y is the angle between tangent of the arbitrary point and the positive direction of the x-axis (See Fig. 1).
That is, the arbitrary point of the hairspring is expressed as the tangent angle y and the distance s from the inner end
point of hairspring. Thus, any general shape is expressed. Subsequently analysis for all cases will be proceeded by this
method.
Now, using this complex coordinate system above, assuming that z(s) can be written as
z(9)=x(s) +iy (9).
Eq. (13) can be obtained.

dz(s) dx(s) | dy(s) _ C o — ol¥(s)
5 = s TiTge = osys) + isinp(s) = V. (13)

Also, Eq. (14) can be obtained from Eq. (13).
S .
z(s) = z(0) +f e¥() (s, (14)
0

This is the complex coordinate expression of hairspring. The curvature 1/p of the arbitrary position of the

hairspring is expressed from Fig. 3.

1 My dy
lim — = —

= =—" 15

p AsSoAs  ds (15)
Then, when the balance-spring system turns 6, the inner point of
hairspring, the complex coordinate of inner point z(0) goes to z(0)e'

and tangent angle at arbitrary position of the hairspring changes to

w(s) + o(s), then the arbitrary position is expressed by Eq. (16)

v e
W\ WAy
/ A

0 X

S
z(s) = z(0)e® +f el )+e)lgs, (16)
0

Fig.3 Line segment As and angle y of hairspring. And Eq. (16) can be written as

x(s) = x(0) cos 6 — y(0) sin + Jscos W+ @) ds,
0

y(s) = y(0) cos 8 + x(0) sin 6 + fssin W+ @) ds.
0



Therefore, the change in the curvature of the hairspring when the balance-spring system rotates by 6 can be
written as ¢'(s). At this time, if the bending moment given to the hairspring is M and the moment of inertia of area of

hairspring is J, the energy stored in the hairspring is shown by Eq. (17).

1 (tm?
If EJ is constant, Eq. (18) is obtained”.
E] [t
V== ¢?(s)ds. (18)
Mt 2 f
=[ yda=k =.§’i) 0
! f‘f f-m" = v o1 1

: E—]=;—E=¢(5)- (19)

Here,

L is the total length of the hairspring,

E is the Young's modulus of the hairspring material, and,

' J = (hb3)/12 is the moment of inertia of area related to

R A
\h / the neutral axis XX’ of the hairspring (see Fig.4).
\/——*\
\bx When the balance-spring system is rotated by an

angle 0, the shape of hairspring should minimize the energy
Fig.4 Moment of inertia of area of the hairspring. stored in it.
Therefore, the shape of hairspring is determined so
as to minimize Eq. (18).
In addition, the energy stored in the hairspring is expressed as a function, and the equation of vibration is

determined. Then, Eq. (10) can be derived as a concrete function. As a result, the effect on isochronism should be clear.

1.3 In case of the hairspring with free outer end
The free outer end means that the outer end of the hairspring can be moved completely freely to the radial
direction but does not move to the tangential direction. The coordinates z(s) and the change of tangent angle ¢(s) at any
place of the hairspring are written as z¢(s), @¢(s) respectively. When the balance —spring system rotates by @, the inner
end point of hairspring is represented by z;(0) = z(0)e'®. The tangent angle of the outer end points do not change, but
the tangent angle of the inner end point changes by 6, resulting in Eqs. (20) and (21).
or(L) =0, (20)
¢¢(0) = 6. @n
By using this as the boundary condition and minimizing the energy of Eq. (18), the restoring force and shape of

the hairspring can be calculated. Assuming that ¢¢ minimizes V, since 8¢y is an arbitrary function, the first-order



effect of 8¢ must be 0, that is, 8/ = 0. Of course, the boundary condition must be 8¢¢(L) = 8¢¢(0) = 0.

With calculating the differential of Eq. (18), then,

E-] L U ! I
8 = V(pi(s) + 809 = V9 = | Lo (5) + 812 = p1ds
0
L i 7 1 ~n2 7 1 i L L " 1 "
=7 [ [orS0¢ +5 @op?|ds = 1[S00+ 5500 50r] g~ 81 [ [ 50+ 3507 5] ds
0 o

t ” 1 n
=7 [ [0S0+ 5001504 a5 @)
0

8¢¢(0) = S¢pe(L) = 0.

In order for 8¢ to minimize V, only the micro change in the function of 8¢ is considered. Since the change
in V caused by this change needs to be small enough, then ¢f = 0.

Furthermore, since a high-order minute change amount fOL(&p;)z ds or fOL S¢¢ 8¢p¢ds is positive function, a
minimum amount of V' is guaranteed. This is very similar to the condition f(x) =0, f"(x)> 0 for minimizing the function
y=/(x). Eq. (23) can be obtained from Egs. (20), (21) and ¢f'(s) = 0.

or(s) =6 (1- %) (23)

Moreover, when the amount of movement of the outer end point is calculated using the relationship of Eq. (13) and Eq.

(24) can be obtained.
A=z(L)—z(L) = z(0)e'? + f {1/1+6( )}ds —z(L)
0
= z(0)e! + [(f e"l’ds)ele f fe”l’ds —1—) 0(1-7) g5 — z(L)

= 2(0)e'? + z(L) — z(0)el? + 19 elf sz(s) e‘i(%)sds —z(L)
L 0

_0 6" ‘i(%)sd 24
1Le Joz(s)e S. (24)

Since @ = —0/L from Eq. (23), this is substituted into Eq. (18), and the potential energy V' becomes Eq. (25).

E EJ E] ,
0
And the equation of vibration at this time is obtained from T ( 0" + V) = 0 and becomes Eq. (26).
Id29+E]9—0 (26)
i A

The left side of this equation is similar as the Eq. (2), then the vibration period is constant, and isochronism is



maintained. It is actually impossible to attach the free outer end and the inner end to the center of vibration as described
before.

When the hairspring is wound up, the pitch of the hairspring becomes narrow and contracted concentrically to
the inner end, and the outer end point approaches the balance pivot. When the hairspring is unwound, the outer end point
goes away to the balance wheel, but at that case the hairspring is unwound concentrically, so to speak, no uncentering
movement occurs. This is just like the rolled-up hairspring.

The rolled-up hairspring is a practical implementation of such free outer end mounting, this is why the rolled-up

hairspring shows good isochronism.

Acknowledgement: I would like to express the deepest appreciation to Mr. Ryuzo Okamoto and Mr. Kenji Noguchi for
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*Note:

Here, an explanation about the word “isochronism”. Original meaning would be a co-incidence of display of time
between clocks and the time of nature. But for such co-incidence of the display for the timepiece should have the
technology. Thus it is necessary to have such technology of which name is easy to remind isochronism. Isochronism
became a name of technology around these area, Above all, for the mechanical timing equipment the amplitude of
regulating vibration system become the fundamental factor, then the difference of timing rate between two amplitudes

became to be said as a value of isochronism of two horizontal amplitudes or simply isochronism value.



In case of watch technology, the gravity direction changes the period of regulating system, then the positional

errors will often occur. These regions must be taken into account in the technology of isochronism.

Thus the word isochronism became a technology term of horology.
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