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ABSTRACT
“DURATECT” is Citizen Watch's proprietary surface hardening technology. “DLC-Blue” was developed as a
new color for “DURATECT”. “DLC-BLUE” uses diamond-like carbon technology to configure a titanium or stainless
steel surface with an adhesion layer, a DLC layer, and a transparent DLC layer, which causes interference of light and
achieves a blue color. It has been confirmed that the new “DLC-BLUE” maintains the excellent hardness, scratch

resistance, and corrosion resistance of the conventional “DURATECT DLC” while expressing an unprecedented blue

color.
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Fig. 1 Products using “Duratect DLC-Blue”
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Fig. 2 Image of thin film interference.
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Table 1 Corrosion resistance test results.
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Fig. 7 Samples after CASS test. Fig. 8 Samples after artificial sweat test.
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limited edition model.
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TECHNICAL LECTURE

Isochronism (3): As a Keyword of Japanese Mechanical Horology

Shoichiro KOMAKI
Former General Manager of R&D Department, Seiko Instruments Inc., Japan

PREFACE

This paper is an English version of the 3rd technical lecture (revised) that has been serialized four times' since 2000

in the Journal of the Horological Institute of Japan.
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ABSTRACT

As a history of the calculation of the force from the outer end fixed hairspring and the calculation of the influence
to the motion of the hairspring were done formerly by Prof. Hasunuma (The University of Tokyo, Former President of
The Horological Institute of Japan) around 1949.

In this lecture, the new calculation is explained along these histories and also how these lectures are fit with actual
experimental result.

Including the last lecture there must be used long pages for the introduction for these fundamental equations
explanations mainly for the horizontal isochronism. It will be allowed for the main explanation of the regulating system
of mechanical watches.

There are some unconfident points, such as the differences of the actual experimental results and the classical
theory. These are appointed out here.

Thus it must be said there are so many unsolved points in the theoretical region of mechanical watches.
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1. Theory of Isochronism
1.1 Equation of motion for outer end fixed hairspring
In this lecture, the equation of motion of outer end fixed hairspring is considered and the mathematical
expression of the nonlinearity of the restoring force of the hairspring is examined. As a result, isochronism is

discussed. The coordinates (complex coordinates), tangential direction (angle between the positive directions on x



axes) and curvature of any point of the hairspring are expressed as with a suffix “a” respectively. It is the same way

to adopt the same parameter: distance s and curvature ¢ from the inner end point of hairspring and as the main

“«_»

parameter. with the suffix of “a”, as z, ¢, @a.

Then since the outer end is fixed at s = L, the coordinates of the end point are z,(L) = constant, that is,
Zy = 7,(0)e'® + f ds e!¥*#a) = constant.
0
Rewriting this with x, y coordinates give Egs. (1), (2).

L
Xy (L) = x3(0) cosa —y,(0) sina +J. ds cos(P+¢,)
0

JLd [xa (0)cosa a — y,(0) sina
= s

L
0

+ cos (Y + (pa)] = constant. D

L
va (L) = y,(0)cos a + x,(0)sin a + J ds sin (¥ + ¢,)
0

de [ya (0) cosa + x,(0) sina
= s

L
0

+ sin (Y + (pa)] = constant. 2)

Under the conditions of Egs. (1), (2), the hairspring should have a shape that minimizes the potential energy

(Bq. (18) in Isocnronisum (2)?) at any rotation angle.
E L
V= 5 J @' (s)?ds. 3)
2 Jo

Here, Lagrange’s undetermined coefficient method is used. The following integral 2 may be minimized by using

multiplier of Lagrange of 24 and 2 under the conditions of Egs. (1), (2).

x, (0)cosa — y, (0)sina
L

L
P=f ds [@2 +2¢ + cos (Y + ¢a)}
0

+ 2y (O TOI  i 1 9,31, @)

Here, same as in the case of the free outer hairspring, P is minimized when 6¢,(0) = 8¢, (L) = 0 from the

boundary condition as an arbitrary micro-function. Here, 8P = P(¢@, + 8¢,)- P (¢,). Then,
L
8p = f [203 8¢5 + (892)? + 24{cos (i + ¢a + 8¢,) - cos (P + @)}
0

+2uf{sin(yp + @, + 60,) - sin(p + @,)}]ds.



L
= f [204' 8¢ + (89a)? + 22{cos (Y + @, ) (cosbp, — 1) - sin (P + @,)sin (8¢,)}
0

+2pu{sin(y + ¢,) (cos (8¢,) — 1) + cos(Y + @a) sin (8¢,)}]ds.  (5)

Here, the first and the second terms are already calculated. By the way,

[H

cos(&pa):l—ﬁz—(’?’-k L sin(8¢,) =8¢, — —F + -
Using these approximation formulas,
t n n 8(p§ . 6<p33
8P=J’ [_2(pa 8§03— 6(pa 8g03+21{COS (¢+(pa) (_ 2 +"')_ sin (ll) + (Pa)(&pa_ 3! +)}
0 !
: S¢3 S¢3
F2u{sin( +9a) (== )} + cos (P + pa) (8, — -+ }]ds. ©

Therefore, the following equation is conditional equation that minimizes
a TAsin(y + @,) — pcos(y + ¢,) = 0. ()
And substituting Eq. (7) into Eq. (6) shows that P is minimized.

Now, when &(s) is minute amount, Eq. (8) displays the outer fixed hairspring.

0a(5) = i)+ e@ =a(1-7)+ e, e(0) = e =0. ®)

Substitute Eq. (8) into Eq. (7),
e'"(s) = Asin (Y + @,) —pucos( + ¢,) = 0.
e"(s)+ Ay, —uxh = 0.

Integrate this,
e'(8)+ Aya — ux,=C.

Integrate further,

L

L
[e(s)]k +AJ. y, ds —.uf x,ds = CL. 9)
0 0

Therefore, if X, = %fOL x,ds , Y, = %fOL v, ds, then dueto C = AY, — uX, then Eq. (9) becomes Eq. (10).

£'(8) = —A0a — Ya) + u(xa — Xa). (10)

Here, (X,, Y, ) is the coordinate of the center of gravity of the hairspring.
Now, the potential energy / cannot be calculated without finding A and p. If A and p are obtained here,
the potential energy can be calculated. Since the movement A of the outer end point of the free outer end hairspring

is a known function in Eq. (24) of Isochronism (2)?, it is sufficient if A and p can be expressed by A.



L L
A=z(L) —z(L) = z(L) — z,(L) = J ds (ei(w“”f) - ei(¢+"’a)) = J ds elW+ea)(e7ie — 1)
0 0
. s ) L L _ s L _
= [(e“g - 1)] ds e_‘(’p“"a)] + if ds s'e_‘s(f ds e(w“/’a)) = if ds &' e z,(s)
0 0 0

L
= ifo dse'z,(s). an

Substituting Eq. (10) into (11),
L L
8= [ =20 = V) + g = X)IGra + i9)ds = | 102 = 7a80) = WCeada = aXe)
0 0
—iA(xaVa — xaYa) + iu(x2 — x,X)]1ds = ALI, — uLlp — i(ALIz — uLlg) .  (12)

However, each is as follows.
L L L
Ll = f y2ds — LY?, Ll = f x2ds — LXZ, Ll = j XaYads — LX,Y,. (13)
0 0 0

Here, when 4 = 4, +i4,, Eq. (12) is rewritten as,
Ax =}\LIA— HLIF, Ay = —}\LIF+ I'LLIB
And 4, ubecomes Eq. (14) when expressed by the equations including 4, and 4,,

gy +Igdy, A,
CL(Ldg — %) L

)

j- Irdy + 144, 4y 4y (14)
L(lalg —1g%) Llg Ll

then, €'(s) is calculated from Eq. (10) and Eq. (14).
Therefore, potential energy becomes Eq. (15) from Egs. (3), (8), (10), (13) and (14).

EI (v EI (v | Va2 El(* a
v=S[eras=2[ o ez =2 [ Treeres
2 Jo 2 J, )
_H 2+EI(/12L1 2AuLlz + p?LIg) A 2+M12 15
= 2La 2 A ULl T U Ba_ZL a L ) (15)

The equation of vibration of the outer fixed hairspring is obtained from % (% a? + V) = 0 and becomes Eq. (16).

d2a+E1 1d u? o 16)
az " \*"2dar, )T



2
This Eq. (16) contains the term %% % , unlike the linear equation of vibration derived as the free outer
A

hairspring. This means that when the sift of the outer end point of the free outer end hairspring is fixed, or just when

the outer end fixed hairspring is used, a force proportional to 4 is generated at the outer endpoint of the hairspring.

2
Therefore, this becomes a torque called — %% %, which disturbs equation of motion of balance wheel
A

and the hairspring, and makes equation of motion to non-linear motion. The following is a form that expresses
isochronism.

As described in Isochronism (1) P, when the equation of vibration of the balance-spring system is written as

2
] jTZ + K, = f(a). Since the period error due to the disturbance f(a) as described in Isochronism (1),
T
6= mj;) le((l)dt,
it is equivalent to setting these K and f(a) as
(o ()_EI d |4]?
=7 f@OEga

Therefore, the isochronous error § is calculated as Eq. (17)

T 1 (T EI d|4]? 1 T 4|41?
f f dt. 17
0 0

1
§=—— dt=—— | am— t=
AZTKJ; af (@) erEl), “2lda, 242T1, da
I

Multiplying Eq. (17) by 86,400 gives an expression of the rate per day. In short, it means that if the outer end
is fixed, a force which is not proportional to the amplitude is generated.

Furthermore, it changes how the situation of isochronism depending on the angle between the inner and outer
ends (isochronal effective spiral angle) and also depending on the eccentricity of the hairspring. After all, the
amplitude characteristic of the rate, i.e., the isochronism changes. Eq. (17) is a general form that is easy to understand

as a form of its influence.

1.2 Theory of horizontal isochronism and Isochronal effective spiral angle
Consider what the above-mentioned isochronous error actually becomes. This calculation must be simplified
by the approximate calculation, but it is quite complicated and I will introduce here the outline of the calculation by
Professor Hirosi Hasunuma in 19499,

The force generated at the free outer end point changes with the rotation of balance-spring, as described above,



which is given by Eq. (17).
The shift of end point is given by Eq. (18) as explained in Isochronism (2)?.

a . (t _a
A=izew‘f z(s)e "% ds. (18)
0

The complex coordinate display of the hairspring is shown as “z = afel?”, where the display of arbitrary
point of the hairspring is used and the distance “s” from the wind off is shown by “s = %a(@z — Q2.

Substituting these two equations into Eq. (18) becomes Eq. (19).
a . ¢ . aa 02— 2
A=izel® f a202eife 2L (0790 4g (19)
Po

Professor Hasunuma performed an approximate calculation, assuming that « of this integral is at most 1
radian in the actual displacement or swing angle. The result is Eq. (20).
In reality, the amplitude is 300°, 5.3 radian, so the degree of approximate may be a problem. For the present,

I will hold this point and proceed the introduction.
aca, . )
A= I (p2el® — pZel(@ota)), (20)

This is the displacement of the free outer point, but in reality, the outer end of hairspring is fixed, so a force
proportional to the above 4 is generated there. Eq. (20) suggests that A changes significantly depending on the
relationship between ¢ and ¢, The result of approximate calculation obtained by substituting this into Eq. (17)

and integrate it is as follows.

4q? 2.2
= T g 050 = 00) (A1)~ Jo () 1)

Here, Jo(A4), J1(A) are Bessel function and the changes are shown in Fig 1. In this Eq. (21), when the
distance from the rotation center of the balance wheel to the inner end point of the hairspringis R, and the distance
to the outer end point is R, then Ry = a@, and R = agp. Andsince RZ « R?, the coefficient of Eq. (21) can

be approximately by as Eq. (22).



Bessel function; cos(p — @) [AJ;(N-Jo() ]
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Fig. 1 Calculated Bessel function ; cos(¢ — @¢) {A451(4)- JoA)}.
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By the way, since (¢ — @) is so-called total “Isochronal effective spiral angle” of the hairspring. Therefore, as

the most practical understanding, the influence of the isochronal effective spiral angle may be understood as Eq.(23) .

4R,?

§= 12 cos(g — ¢o) {AJ1(4) — Jo(A)}- (23)

What can be seen from Eq. (23) is that the isochronism of the horizontal position is uniquely determined by
the diameter of inner end and the length of the hairspring to the outer end. The smaller the inner diameter and the
longer the hairspring, the flatter the isochronism of horizontal position. It can be said that hairspring coiled with 4
pieces has a flatter characteristic of isochronism than coiled with 5 pieces. The actual situation will be shown in the

next section.

1.3 Actual example of the horizontal position



Table 1 shows the actual numerical specifications of the hairspring and the numerical value of the horizontal
isochronism that can be calculated by Eq. (23) for a 5.5 lines women’s and a 10.5 lines men’s watch.  As an index
of the state of isochronism, the change in rate between two amplitudes of 270° and 180° is calculated.

Table 1 shows the calculation results, assuming that this difference Is = Rig9 — R57¢ 1is the eigenvalue of

the horizontal isochronism.

Table 1 Calculation example of horizontal position eigenvalue.

Unit Women'’s Men’s

watch watch
Inner diameter 2R, 0.0lmm 134 145
Outer diameter 2R 0.01lmm 340 465
Number of turns NV - 14.4 13.3
Hairspring pitch 2np 0.01lmm 7.154 12.03
Hairspring length (actual measured value) 0.01lmm 9,875 12,200
Hairspring length (calculated value) L = % (R? —R3) 0.01lmm 10,722 12,744
Bessel function value I, = AJ; (4) — Jo(4), A = 270° - -1.061 -1.061
Bessel function value I; = AJ; (4) —Jo(4), A =180° - 1.198 1.198
Bessel function value I, =1; — I, - 2.260 2.260
Horizontal isochronous eigenvalue [ = 4L—1151,, x 86,400 s/day 36.0 27.6

The horizontal isochronous eigenvalues calculated here are seemingly reasonable. The expression “reasonable”
here means that the isochronous value, which is about 30 s/day with a swing angle difference of 90 degrees, is an
ideal value. The actual products do not look like this value.

The actual isochronal data were measured for the above women’s watch, approximately 250 samples. They
were taken with widely adopted isochronal effective spiral angles. The results are shown in Fig. 2.  Fig. 2 has the
isochronous values on the horizontal axis with stratified every 20 s/day. Similarly, the isochronal effective spiral
angles were taken on the vertical axis with stratified every 30°.

In this Fig. 2 horizontal isochronous eigenvalue means /; : the difference of daily rate between 270°and
180°of amplitude, that is I; = Rygo — Ry70. Here, Rygo: the rate at amplitude of 180°, R,,4: the rate at

amplitude of 270°.
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As shown in Fig. 2, the isochronous value changes like as “S” sine wave between all range of the isochronal
effective spiral angles and it can be understood because of the fact that the coefficient cos(¢ — ¢,) included in
Eq. (23). When the isochronal effective spiral angle that means the difference angle between the inner and outer end

point of hairspring is around 0 degree, the values of isochronism are distributed around 70 s/day at most positive

position.

The samples used in the experiment were those with no play between the balance spring and the regulator pins.

At the time when this data was taken (1965), it was decided to adjust no play between the balance spring and the

Fig. 2 Horizontal isochronous eigenvalue of 5.5 lines women’s watch.

Horizontal axis:

Vertical axis:

value of isochronism (-80 to +100 s/day).

winding angle ¢ — ¢y (-60° to +270°).

regulator pins. Today this instruction is not thought as better.

Concerning the result of data of isochronous value, escapement errors also must be considered. Escapement
error is thought as between -30 to -60 s/day at the amplitude of 180° to 270° in horizontal positions. As in the case

of the club-tooth escapement, the value of escapement error goes to always negative. Smaller the amplitude, bigger

the value of error of escapement goes to negative.




After considering above conditions, actual eigenvalue of horizontal isochronism of hairspring which is fixed
both end of inner and outer ends must be larger positive value. The aimed values of isochronal effective spiral angle
were not around 0 degree and often goes to 30° or 60° even today.

Thus, the result of observation of isochronous value could not be agreed as the values are in so positive data.
There must be another reason that the eigenvalue goes to so positive region.

In Fig. 2 it is observed that the value of isochronism changes along as the shape of “S” following to the shape of
Cosine (isochronal effective spiral angle (¢ — ¢,) + @). Hairspring is not fixed completely at the pins of regulator,
hairspring always playing between the regulator and outer fixing stud will be actual end point as operation. Thus, the
summit of “S” curve comes outside of the regulator. This is a real observation of end point of hairspring and is the end
report this time.

As the case of Fig. 2, the 5.5 line caliber, the fixing area between regulator and fixing stud was around 60°, the
effective fixing point is 15° outside from the regulator. That means the “a” is estimated about 15°, the top of sine curve at
Fig. 2 is just left position from the center position of stratified section.

This concludes the lecture on horizontal isochronism.

Acknowledgement: I would like to express the deepest appreciation to Mr. Ryuzo Okamoto and Mr. Kenji Noguchi for valuable

efforts in translating into English and to Mr. Takashi Sasaya for revisions overall.
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